REMARKS ON THE BLOW-UP FOR THE SCHRODINGER 
EQUATION WITH CRITICAL MASS ON A PLANE DOMAIN 



VALERIA BANICA 



Abstract. In this paper we concentrate on the analysis of the critical mass blowing-up 
solutions for the cubic focusing Schrodinger equation with Dirichlet boundary condi- 
tions, posed on a plane domain. We bound the blow-up rate from below, for bounded 
and unbounded domains. If the blow-up occurs on the boundary, the blow-up rate is 
proved to grow faster than (T — t) -1 , the expected one. Moreover, we show that blow- 
up cannot occur on the boundary, under certain geometric conditions on the domain. 
2000 Mathematics Subject Classification. 35Q55, 35B33, 35B40, 35Q40. 



1. Introduction 

Let us first recall the known results for the R" case. 
Consider the nonlinear Schrodinger equation on R n , for p > 1, 

id t u + Aw + |w| p_1 'u = 0, 



(5) 1 u(0) = u . 

The associated Cauchy problem is locally well posed in H 1 for p < 1 + ^2 (0> [Ej)- 
The Gagliardo-Nirenberg inequality 



P+ 1 <? n ll.,ll 2+ fr- 1 >T 2 li™,,l|(P- 1 )3 
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implies that the energy of the solution u of the equation (S), 

E( u ) = \f \Vu\ 2 dx l — [ \u\ p+1 dx, 



is bounded from below by 



1 _ C p+ i 2 +( P -l)^ ||v7tiJ| (p-l)f-2 N 

2 p+1 11 

As a consequence, if p < 1 + - , since the mass is conserved, the gradient of u is controlled 
by the energy. Therefore the solution does not blow up and global existence occurs. 

The power p = 1 + - is a critical power, in the sense that the nonlinearity is strong 
enough to generate solutions blowing up in a finite time. However, even in this case, we 
have a global result for small initial conditions. 

Indeed, in the case p — 1 + ~, if the mass of the initial condition is small enough so that 

C 2+ 4 4 1 



2 + - 2 



2 



VALERIA BANICA 



then the energy controls the gradient and again, the global existence is proved for the 
equation (S). 

For this particular value of p, Weinstein has given a sharpening of the Gagliardo- 
Nirenberg inequality (|25j). By variational methods using Lions concentration-compacity 
lemma ([H], he obtained the existence of a minimizer Q for the optimal constant 

of Gagliardo-Nirenberg's inequality 

4 

i . , \\v\\?\\Vv\\% 

- mf 
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This minimizer satisfies the Euler-Lagrange equation 

AQ + Q 1+ ^ = -Q. 

n 

Such a positive function, called ground state of the nonlinear Schrodinger equation, is 
radial, exponentially decreasing at infinity and regular. Recently, Kwong has shown that 
it is unique up to a translation ( Moreover, it verifies Pohozaev's identities 



4 



l|vg||i-iiQii;;i + |iiQHHo, 

4 

[n-2)\\VQ\\l-^\\QCl + 2\\Q\\l 



which lead to the following relations between the norms of Q 
(1) 



\\Q\\T + l = *?\\Q\\l 
llVQIUHIQIIi. 



Then the optimal value for the constant of the Gagliardo-Nirenberg inequality is 

n + 2 1 



C2+4 



n 
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In conclusion, if p = 1 + -, the solutions of the equation (S) with initial condition of 
mass smaller than the one of the ground state 

IMh < WQh, 

are global in time. 

The mass HQH2 is critical, in the sense that we can construct as follows solutions of 
mass equal to HQ II 2, which blows up in finite time. Since p = 1 + the pseudo-conformal 
transform of a solution u of (S) 

1 x 

—e" « u I - 



t2 \ t' t 

is also a solution of (S) ([4 ). So, from a stationary solution on 

e u Q(x), 
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for all positive T, 

e 5 ^* j M 2 , ^ ( x \ 
u(t. x) = - -Tj- e 4 ( T -') Q — , 

is a solution blowing up at the time T. Moreover, Merle proved in ^1 that all blowing- 
up solutions on M. n with critical mass HQH2 are of this type, up to the invariants of the 
equation. The proof is based on a result of concentration of Weinstein ([26], see Lemma 
II. 2j) and on the study of the first order momentum 

f(t) = / \u(t, x)\ 2 xdx, 

and of the virial 

g(t) — / \u(t, x)\ 2 \x\ 2 dx 

associated to a solution u of the equation (S). The conservative properties of these two 
quantities on M. n , in the case of the critical power 1 + -, play an important role in Merle's 
proof. The derivative of the first order momentum is constant in time 

d 2 t f = 0, 

and g satisfies the virial identity (0]) 

d 2 g = 16E(u) - 4 n (P~ X ) ~ 4 f \ u \p+^dx = 16E{u). 

P + 1 JR n 

In certain cases of initial conditions with mass larger than \\QW2 recent achievements 
were done by Merle and Raphael, concerning the blow-up rate and the blow-up profile 

m, m)- ' 

For the equation (S p ) with p > 1 + -, Zakharov [2E] and Glassey [7j had obtained 
that the solutions of negative energy are blowing up in finite time. The same result for 
solutions of nonnegative energy is valid under certain conditions on the derivatives of the 
virial (|2S1)- The proof is based on an upper bound of the virial in terms of its first and 
second derivative, which implies the cancellation of the virial at a finite time T. Since 
the mass is conserved, it follows that the solution must blow up at the time T. 

In this paper we are concerned with the nonlinear Schrodinger equation posed on a 
regular domain Q of M n , with Dirichlet boundary conditions 

id t u + Au + {ul^u = 0, 
u\Rxan — 0, 

ti(0) = Uq. 

The Cauchy problem is locally well posed on H 2 D HlJ(fi) in dimension 2 and 3. In 
dimension 2, for nonlinearities less than cubic, Vladimirov [21] and Ogawa and Ozawa 
[20] have shown the well-posedness of the Cauchy problem on Hjj^fi), but without the 
uniform continuity of the flow on bounded sets of Hjj^fi). For nonlinearities stronger 
than cubic in dimension 2, or for any power nonlinearity p, in dimension higher than 2, 
the Cauchy problem on Hj(fi) is open. 
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For the equation with power p < 1 + -, one can show as for the case R n that the 
Hjj(fi) solutions are global in time. For the equation with power p > 1 + -, posed 
on a star-shaped domain of M. n , Kavian has proved the blow-up in finite time of the 
H 2 n Ho(f2) solutions of negative energy or of positive energy but under some conditions 
on the first and second derivatives of the virial ( 9J). His proof follows the one on M™ 
(D3)) by estimating via the geometric condition on Q the boundary terms which appear 
in the second derivative of the virial. 

From now on we will analyze the cubic equation on Q 

{id t u + Am + \u\ 2 u = 0, 
u\Rxdn = 0, 
u(0) = Mo- 
Let us first notice that the conservations of the mass and of the energy of the solutions 
are still valid. The Cauchy problem is locally well posed on HI 2 D Hj(f2), and also on 
Hjjj(fi) apart from the property of uniform continuity of the flow, not known to hold. The 
usual Strichartz inequalities are no longer valid and the loss of derivatives is stronger 
than in the case of a compact manifold (PD- 
As in the case of the plane, for initial conditions with mass smaller than the one of 
the ground state, the Cauchy problem is globally well-posed on H 2 fl Hlg(fi). The proof, 
given by Brezis and Gallouet, is based on logarithmic type estimates (|2D- This result 
has been extended to the natural space Hj(fi), apart from the uniform continuity of the 

flow (|23|, EDI, ED- 

The critical mass for blow-up is \\QW2, as in the case of the equation posed on M 2 . 
More precisely, the following result holds. 

Theorem 1.1. (Burq-Gerard-Tzvetkov ^) Let Q be a regular bounded domain ofM 2 . 
Let xq G and ip G C^°(fl) be a function equal to 1 near xq. Then there exist positive 
numbers k and cto such that for all a > ao, there exists a time T a and a function r a 
defined on [0,T a [xQ ; satisfying 

\\r a (t)\\ m 2(n) < ce" 7 ^, 

such that 

/ x , / x e^^-t) i i*-* n i 2 / x - x \ , . 

u(t,x) = tfj(x)— -e l ^T a - t)Q +r a (t,x), 

a{l a — t) \a{I a -t)J 

is a critical mass solution of (Sq), blowing up at xq at the time T a with the blow-up rate 
1 

T a -f 

The proof, following an idea of Ogawa and Tsutsumi ([21]), is based on a fixed point 
method which allows to complete the cut-off of the explicit blowing up solution on M 2 
at Xq to a blowing up solution on Q at Xq. Theorem 4.1.1 implies in particular that 
at every point of Q there are explosive solutions. Moreover, the proof is still valid for 
the torus T 2 and for a larger class of subsets of the plane, which satisfy the property of 
2-continuation, from H 2 fl Hjj^fi) to H 2 (M 2 ), and for which the Laplacian domain 

D(-A n ) ={«£ Ho(n), Au G L 2 (fi)}, 
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is H 2 n Hj. Such subsets are for example the domains with compact regular boundary 
and convex polygons bounded or unbounded. 

As in the M. n case, the following lemma, due to Weinstein, will give us the general 
behavior of a blowing-up solution of critical mass on a domain. 

Lemma 1.2. (Weinstein [26J Let G H 1 (R n ) be a sequence of functions of critical 
mass satisfying 

Pk = ||Vufe|| 2 — ► oo, 

fc— >oo 

E{uk) — > c < oo. 

fc— +00 

Then there exist points Xk G M d and 9^ G R such that in H 1 (IR n ) 

e l6k fx \ 1 / x \ 

2l"^fc I q ■En I * »y I ) ; 

where uo = \\ VQH2- 

Let u be a solution of (Sq) that blows up at the finite time T, that is 



A(i) = ~WQh ^ °°' 

Consider u to be extended by zero outside Q. By combining Lemma 11.21 for families 
Uk = u{tk) with tk sequences convergent to T with the result of Kwong on the uniqueness 
of the ground state (^Hj), there exist 6(t) real numbers and x(t) G M 2 such that in H 1 (1R 2 ) 

e i9(t) f x \ 

(2) M u(t, W)+x{t )^ T Q {x ). 
Then, in the space of distributions, 

(3) Mt,- + x(t))\ 2 ^\\Q\\W 

In this paper we concentrate on the further analysis of the blowing-up solutions with 
critical mass on a plane domain. The results are the following. 

Theorem 1.3. Let u be a C([0, T[, Hj) solution of the Schrodinger equation (Sq), which 
has critical mass and blows up at the finite time T. 

i) For bounded domains, the blowing-up rate is lower bounded by 

^<i|v M (*)|| 2 . 

ii) If there exist solutions u of critical mass blowing up at a finite time T on the 
boundary of Q, that is if the concentration parameter x(t) converges as t— >T to a point 
on the boundary, then the blowing-up rate satisfies 

lim(T-t)||V M (t)|| 2 = oo. 
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The main difficulty for the Schrodinger equation posed on a domain is that the con- 
servation of the derivative of the first momentum and the virial identity fail. 

In order to avoid this difficulty, we shall use systematically in the proof of Theorem 
11.31 a Cauchy-Schwarz type inequality derived from Weinstein's inequality. Precisely, we 
show that if v is a H 1 ^ 2 ) function of critical or subcritical mass, then 



^s(vVv)V6dx 



< ( 2E(v) I \v\ 2 \V9\ 2 dx' ' 



for all real function 9. This inequality allows us to estimate the virial, that we shall 
assume to be localized if Q is unbounded (see Remark 11.6)1 . The lower bound for the 
blowing-up rate is the same as the one found by Antonini on the torus (PP). 

By following the approach of Weinstein in [27J, and the recent results of Maris in |14j . 
we analyze the convergence to the ground state of the modulations of the solutions (J2J), 
and we obtain, for bounded domains, the following additional informations. 

Proposition 1.4. i) The blow-up rate verifies 

1 



\u(t, x)\ \x — x(t)\ dx 



a i|V«(f)||!" 



ii) The concentration parameter x(t) can be chosen to be as the first order momentum 

x(t) 



f n \u(t, x)\ 2 xdx 



WQW 



2 



Corollary 1.5. If Q is a disc centered at and if equation (Sq) is considered to be 
invariant under rotations, then x(t) can be chosen to be 0, and we have 

1 



git) 



\Vu{t)\\l 



Remark 1.6. For unbounded domains, if the solution concentrates at one point, that is 
if x(t) converges as t— >T, then the first assertion of Theorem M.fA is true, and so are the 
assertions of Proposition \ 1 . 4 for the virial and the first order momentum localized at the 
blow-up point (see §4)- 

There is no known example of a solution of nonlinear Schrodinger equation with a 
blow-up rate larger than j^-:, neither in the case of supercritical mass, nor in the case of 
supercritical nonlinearities. 

Therefore we expect that the blowing-up rate grows exactly like ^-t and that the 
profiles are the ones on M 2 modulo an exponentially decreasing in H 1 function. 

Since it is not likely that the blowing-up rate at the boundary grows strictly faster 
than Tjr-f, we also expect that there are no solutions blowing-up on the boundary of a 
domain. This is confirmed for certain simple cases by the following result. 

Theorem 1.7. If Q is a half-plane or a plane sector, then there are no solutions blowing- 
up in a finite time on the boundary of the half-plane or in the corner of the sector 
respectively. 
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Indeed, under these geometric hypotheses on £1, the boundary terms which appear in 
the second derivative of the virial associated to a blowing-up solution of (Sn) cancel, so 
we have, as on M. n , the virial identity 



The proof then follows the one by Merle in ^1 for the equation posed on MJ 1 , and we 
obtain that all explosive solutions on Q must be of the type 



up to the invariants of the equation. Therefore we arrive at a contradiction by looking 
at the support of the solution. 

Remark 1.8. The results of this paper are valid also in higher dimension, but are pre- 
sented in the 2-dimensional case. The reason is that the only existence result of blowing- 
up solutions with critical mass on a domain is Theorem \l.l\ 

Remark 1.9. In the case of Neumann boundary conditions, the situation changes radi- 
cally for blow up at the boundary. For blow up inside the domain, the situation is expected 
to be similar to the Dirichlet case. 

Blow-up can appear at the boundary of a half-plane, as it can easily be seen by taking the 

restriction to the half-plane of the explicit solution on M 2 , blowing-up at zero. Notice also 

WOW 2 

that this is a blowing-up solution of mass i-^. By the same method one can construct 

solution of mass blowing-up at the corner of a plane sector of angle —. So for 

unbounded domains the critical mass for blow up on the boundary probably depends on 
the domain. 

By using the techniques of Theorem blowing-up solution of this mass can 
be contructed to blow up on the boundary of a bounded set, in a point around which the 
boundary is locally a line. For bounded domains, we expect that the critical mass for blow 
up on the boundary should be 

One of the difficulties is that the best constant in the corresponding Gagliardo-Nirenberg 
inequality 



is not known for the case of Neumann boundary conditions. 

The paper is organized as follows. Section §2 contains some results on general domains. 
We prove a Cauchy-Schwarz type inequality for critical and subcritical mass functions, 
which we will use to show Theorem 11.31 The nature of the convergence to the ground 
state of the modulations of the solutions is analyzed, by spectral theory techniques given 
in the Appendix. These concentration results will be used later to prove Theorem 11.71 
and Proposition 11.41 Moreover, we calculate the derivatives in time for a virial type 
function. In §3, by studying the virial, the lower-bound of the blowing-up rate is proved 
for bounded domains Q. In this section, we also give the proof of Proposition 11.41 In §4, 
by introducing a localized virial, we find the same lower-bound for the blowing-up rate 



g=16E(u). 




v\\i <A\\v\\l(\\Vv\\l + B\\v\\l), 



<s 
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for unbounded domains. Section §5 contains the results regarding the explosion on the 
boundary of Q. 

Acknowledgment. I would like to thank my advisor Patrick Gerard for having 
introduced me to this beautiful subject and for having guided this work. I am also 
grateful to Mihai Maris for useful discussions concerning the Appendix. 

2. Results on general domains 

2.1. A Cauchy-Schwarz inequality for subcritical mass functions. 

Lemma 2.1. Let 9 be a real valued function. All v G H 1 (IR 2 ) with critical or subcritical 
mass satisfy 



Ss(vVv)V6dx 



< 2E{v) / \v\ z \V9\ z dx 



Proof. The precised version of the Gagliardo-Niremberg inequality, presented in the in- 
troduction, is, for function w in HI^R 2 ), 

Hlt<^KllvHli 

As a consequence, if 

Hh< WQh, 

then the energy of w is nonnegative. 
Therefore on the one hand, 

< E(e ia9 v) 

for every real number a and for all real function 9, since e ia9 v is still a function of critical 
or subcritical mass. On the other hand 

E(e iae v) = ^J \iaV9v + Vv\ 2 dx~^J \v\ A dx 

= yJ M 2 l W l 2cfa _ a J %(vVv)V9dx + E(v) 

Thus the discriminant of the equation in a must be negative or null and we obtain the 
claimed Cauchy-Schwarz type inequality (*). 

□ 

2.2. The concentration of the solution. In this subsection we shall give a refined 
description of a critical mass blowing-up solution u of (Sri), by following the approach 
of Weinstein in j2Z| . 

In order to deal with real functions, we shall analyze the modulus of u. However, the 
same arguments below can be used to get the corresponding results on u (see Remark 

EH). 

One can write the convergence (0) 

u(t,x) = e~ im \(t)(Q + R(t))(X(t)(x - x(t))), 
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with R a complex function such that 

\\R(t)\\ m i m ^0. 

Since the modulus is a continuous function on H 1 (IR 2 ) ([E]), this implies 

\u(t,x)\ = X(t)\Q + R(t)\(X(t)(x - x(t))) = X(t)(Q + R(t))(X(t)(x - x(t))), 

with R a real function strongly converging to in H 1 (IR 2 ). 
Let us set 

A(t) - TvQjir- 

By noticing that \u(t)\ is also of critical mass, its energy is nonnegative, and 
(4) < \\Vu(t)\\ 2 2 - ||V|u(t)|||! = 2E(u) - 2E{\u{t)\) < 2E(u), 

which implies 

(X(t) + x(t))(Kt)-m = o(i). 

Since < X(t) < X(t), 

\(t) - X(t) = 1 



X(t)J> 
and we have 

(5) \u{t,x)\ = X{t){Q + R(t))(X(t)(x - x(t))), 
with R(t) a real function such that 

\\R(t)\\^m^ Q - 

Proposition 2.2. The remainder term R has the decay 

(6) ||i?(t)|| Hl <^-< C 



x(t) ~ x{ty 

The proof follows Merle's one in [T^]. However, for the sake of completness, we give 
in the Appendix a proof by a slightly different method. 

Finally, let us give the following property of decay of the solution. 

Lemma 2.3. Let u be a critical mass solution of (Sq), blowing up at the finite time T, 
at one point xq G Q, which means that the concentration parameter x(t) converges to xq- 
Then, the gradient of u(t) restricted outside any neighborhood V of xq satisfies 



sup / \Vu(t)\ 2 dx < oo. 

t€[0,T[ J C V 
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Proof. The inequality (J3| implies 

sup / \Vu(t)\ 2 dx < 2E(u) + sup / \V\u(t)\\ 2 dx. 

s[o,r[J c v te\o,T\J c v 



te[o,T[ 

By using (JBJ), 



/ |V|u(t)|| 2 rfx = \ 2 (t) [ |VQ + Vi?(t)p 



°A(t)(V-*(t)) 

Since converges to x and Q is exponentially decreasing, 



A 2 (t) / |VQ| 2 = o(l). 

J c A(t)(V-a;(i)) 



Then it follows that 



/ \V\u(t)\\ 2 dx < A 2 (t) / \VR\ 2 , 

J C V J c \{t)(V -x{t)) 

and the decay (jOJ of i? implies 

|VK^)|| 2 <fe = 0(l), 



so the lemma is proved. □ 

Remark 2.4. Another proof of this lemma can be done by using the approach of Merle 
in However, we shall need the full strength of Proposition^^ later in §3.3 and §3.4- 



2.3. Derivatives of virial type functions. Let u be a solution of (Set) and let h be 
a C°°(IR 2 ) function with bounded first and second derivatives. Then, by using the fact 
that u satisfies (Sq), we obtain 

d t / \u(t)\ 2 hdx = 2 / %t(u(t)u t (t))hdx=2 I 3f (u(t)Au(t)) hdx. 
Jq Jq Jq 

Since u cancels on the boundary of Q, by integration by parts 

(7) d t [ \u(t)\ 2 hdx = -2 I S(u(t)Vu(t))Vhdx. 

Jq Jq 

By using again the equation (Sq) 

8 t 2 f \u\ 2 h = -2 [ $((Au + \u\ 2 u)Vu) V/i + 2 f (uV (Au + \u\ 2 u)) V h 
Jq Jq Jq 

= [ -\u\ 2 A 2 h - \u\ 4 Ah + 2| Vu\ 2 Ah - m (AuVu) Vh. 
Jq 

It follows that 

d t 2 ! \u\ 2 h= [ -\u\ 2 A 2 h- \u\ 4 Ah + m y2d i ud j ud ij h-2 [ 
Jq Jq • • ' JdQ 

Therefore, by making the energy of the solution appear, we have the following identity. 



du 
dv 



dh , 
—da. 

OP 
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Lemma 2.5. For a solution u of (Sq) and a C°°(M 2 ) function h with bounded derivatives 
dijh and A 2 h, we have 

d 2 [ \ u \ 2 h=lQE(u)- [ (2\Vu\ 2 - M 4 )(4- Ah) - [ \u\ 2 A 2 h 
Jn Jn Jn 

+ / f 43? y2d l ud j ud ij h-2\\7u\ 2 Ah J -2 I 
Jn \ ~- J J a 



dh , 
— da. 
av 



Corollary 2.6. For a solution u of (Sq) and a C°°(IR 2 ) function h equal to \x\ 2 on 
B(0,R), with bounded derivatives dijh and A 2 h, we have the estimate 



d 2 / \u(t)\ 2 hdx- 16E(u) 



an 



< C 



du{t) 



{\u{t)\ 2 + \Vu(t)\ 2 )dx 



{\x\>R}nn 



dv 



dh 



dv 



da. 



3. The blow-up rate on bounded plane domains 
3.1. The convergence of the concentration points x(t). 

Lemma 3.1. Let Q be a bounded domain and let u be a critical mass solution of (S^), 
blowing up at the finite time T. Then the concentration parameter x(t) has a limit at the 
time T. 

Proof. From (jSJ) it follows that for a test function if}, 

\u(t,x + x(t))\ 2 ip(x)dx — ► IIQU^O). 



n-x(t) 



t-+T 



If ifj is chosen such that 1/1(0) 7^ then, since the set Q is bounded, it follows that 



(8) 



limsup|a;(t)| < 00. 



f(t) = / \u(t, x)\ 2 xdx, 



The first order momentum 



stays finite in time since Q is bounded and u conserves its mass. By using the formula 
(J2J) for vector-valued functions h, one can calculate the derivative 

f(t) = -2 [ %(u(t)Vu(t) )dx. 
Jn 

The inequality (*) in the special case 9i(x) = Xi implies that this derivative is bounded 
in time 



|/'(t)| 2 <4 I ^(u(t)Vu(t))Veidx 

ie{i,2} J Q 



< 16E(u)\\u\\ 2 2 . 
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Therefore / admits a limit at the time T. Let us define xq by 

f(T) = x \\Q\\l 

Using the convergence (JHJ) and (JBJ) which implies that Q — x(t) is a uniformly bounded 
set, one has 

f(t)-x(t)\\Q\\l= / \u(t,x + x(t))\ 2 xdx — >0. 

Therefore the point Xq is the limit of x(t), and the square of the solution behaves like 
a Dirac function 

(9) Ht r )\ 2 ^\\Q\\l5 X0 . 

□ 

In the following, we shall suppose, up to a translation, that the solution blows up at 
the point G O. 

3.2. Lower bound for the blow-up rate. The derivative in time of the the virial of 
the solution it, 

g(t) = / \u(t, x)\ 2 \x\ 2 dx, 
Jn 

can be calculated with the formula (J7J) with h(x) = \x\ 2 , and 

g \t) = -4 / %(u(t)Vu(t) )xdx. 
Jn 

Therefore the inequality (*) in the case 9(x) = \x\ 2 implies that 

\g'(t)\ <4y/2E(u)g(t). 
The concentration result Q of the former subsection gives 

g(T) = o, 

and one can now write 

vW) = - f r4=^ < /%^/2^M = 2^/2^)(T-^), 

Jt 2 V9{ r ) Jt 

and obtain 

g(t) <8E(u)(T-t) 2 . 

Then the uncertainty principle 

u\ 2 \ < { / Mvn i / iv// 



gives us a lower bound of the blow-up rate 



2^2E(u)(T - 1) 
so the first assertion of Theorem 11.31 is proved. 



< Vu(f a . 
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3.3. Equivalence between the virial and the blow-up rate. By using (JHJ), 



t u{t)\ 2 \x - x(t)\ 2 dx = -J— I (Q + R(t)) 2 \x\ 2 dx. 

n X 2 (t) J\(t)(n-x{t)) 

Since x(t) tends to and Q is exponentially decreasing, 

1 



Q 2 \x\ 2 dx = O 



A 2 J \(t)(n-x(t)) \A 2 (£) 



so 

1 2 1 ,/.\|2 - - 1 



u(t)\ 2 \x - x(t)\ 2 dx < * / R 2 (t)\x\ 2 dx 



n X 2 (t) J\(t)(Q-x(t)) A 2 (t) 

The domain Q is considered bounded, so one can write 

\u(t)\ 2 \x-x(t)\ 2 dx< [ R 2 (t)dx + J— 
and by using the decay (0) of R, we obtain 

K*)l 2 k-^)l 2 ^<^- 

As we did in the previous subsection, by the uncertainy principle for u(t, x + x(t)), 

Hl2<A 2 (t) ( \u(t)\ 2 \x-x(t)\ 2 dx, 



p. 



and so the first assertion of Proposition 11.41 follows, 

|-u(t)| 2 |x — x(t)\ 2 dx 



A 2 W 



3.4. A different iable choice for x(t). Let us set 

. , f \u(t)\ 2 xdx 

By using the conservation of the mass, which is critical, 

x(t) - y(t) = J \u(t)\ 2 (x - x{t))dx. 

Then by (|HJ) one has 



x(t) - y(t) = - / (Q + R(t)) 2 xdx. 

\(t)\\Q\\ 2 J~x(t)(u-x(t)) 

Therefore, by the same arguments as in the previous subsection, and the by using the 
fact that since Q is radially symmetric, 



/<?(,)»*, = 0, 
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then 

C 

\x(t) -y(t)\ < - . 

If we define S by 

\u(t, x)\ = A(Q + R(t))(\(x - x(t))) = A(Q + S(t))(X(x - y(t))), 

one has 

\\S(t)\\ m i < 2\\R(t)\\ m + ||Q(- + X(x(t) - y(t)) - g(-)|| H i. 
The decay of the difference between x(t) and y(t), together with ©, implies 

||^)|| H1 <~^-. 

\{t) 

So, by changing x(t) into 

/ \u(t)\ 2 xdx 

WQW 2 ' 

we have the convergence corresponding to (0) 

|u(t,x)| = A(t)(g + 5(t))(A(t)(x-j,(t))), 

with 5 decreasing in H 1 as does R, and so the second assertion of Proposition ll.4l follows. 

The interest of this choice of the concentration parameter is that y(t) is a differentiate 
function, and, moreover, in the radial case we obtain Corollary 11.51 

4. The blow-up rate on unbounded plane domains 

Consider now the equation (Sq) on an unbounded domain of the plane or on a surface. 
Let u be a critical mass solution that blows up in an interior point xq of Q, that is 

x(t) — ► Xq. 
t-*T 

Modulo a translation, we can suppose that x is zero and so, 

Kt,*)| 2 ^||Q||^ . 

Let be a function, equal to 1 on B(0, R). Let us introduce the localized virial of 
the solution 



9<t>(t) = J \u(t,x)\ 2 (f) 2 (x)\x\ 2 dx. 
Then, using (JZJ) with h(x) = <j) 2 (x)\x\ 2 , one has 

g'^t) = -2 J $i{u(t)Vu{t))V{(i) 2 \x\ 2 )dx. 
The inequality (*) with 9(x) = 4> 2 (x)\x\ 2 gives us 

\g^t)\ 2 <8E(u) J \u\ 2 \V(<p 2 \x\ 2 )\ 2 dx 
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Since V(^ 2 |a;| 2 ) is a C^°(M 2 ) function cancelling at 0, and since the square of \u\ behaves 
like a Dirac distribution, it follows that 



Then, as in the former section, and using the existence of a positive constant C such 
that 

iv(0 2 |x| 2 )i 2 <cyix| 2 

one has 

g*(t)<(T-tf. 

The uncertainty principle reads 

2 

|2i2 , \ ^ I I L.|2 ,2 



u\ z 4> z dxj < (J \u\ z (f) z \x\ z dx j (J \V{u(f))\ z dx 

By integrating by parts the last term and by using the fact that </> is equal to 1 on 
B(0,R), it follows that 

\u(t)\A < g^t) ( [ \Vu\ 2 <f) 2 dx- [ \u\ 2 <f)A(j)dx) . 

B(0,R) / \J J J 

Since <$> is a function, 

> 2 
|2 ' 



u(t)\ 2 < g^t) C / \Vu\ 2 dx - / |w| 2 0A(/)(ix . 

'B(0,R) J \ J J J 

On the one hand the L 2 norm of u is conserved. On the other hand, the behavior of \u\ 2 
as a Dirac distribution implies that the norm of its restriction outside a neighborhood of 
zero tends to in time. So we have 

W) Ht)\ 2 = 0{l), 

J \u(t)\ 2 (f)A<f)dx = o(l), 
and since g^ is bounded in time, 

1< V^C0H Vu (*)lb 
Then the decay of g^ gives us the lower bound of the blow-up speed 

^<liv^)|| 2 . 

5. Blow-up on the boundary 

5.1. Necessary condition for blow-up on the boundary. Let us first introduce a 
notion of limit of sets, as in [Sj. 

Definition 5.1. A sequence of open sets M m is said to tend to an open set M ofM. 2 if 
the following conditions are satisfied. 

i) For all compact K C M , there exists nx £ N, such that for all n > uk, K C M n . 

ii) For all compact K C c M, there exists Uk £ N, such that for all n > nx, K C c M n . 
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Let us suppose that there exists an explosive solution u of the equation (Sn) at G dfl. 
The convergence (J2J) implies that 



X(t)(Q - x(t)) ^ 



32 



As in [5j, the limit set depends on the position of x(t) with respect to the boundary of 
Q. If there is a positive number C such that for all t 

X(t)d{x{t),dQ) < C, 

then X(t)(Q — x(t)) tends to a half-plane and blow-up cannot occur. Also, if 

\(t)d(x(t),dtt) oo, 

and x(t) is not in Q, then, by Definition 15.11 X(t)(Q — x(t)) tends to the empty set. 
Therefore the only possibility to have explosion on the boundary is that x(t) G Q and 

X(t)d(x(t),dn) — > oo. 

In particular, since is on the boundary, 

(10) \X(t)x(t)\^oo. 

We have 



\x(t)\ 2 \u\ 2 <2 I \u\ 2 \x - x{t)\ 2 + 2 \u\ 2 \x\ 2 . 

On the one hand, by using the Weinstein relation (|2|L one has 



\x(t)\ 2 / \u\ 2 ^ \x{t)\ 2 . 



On the other hand, using again (J2J), 

/ \u?\x - x{t)\ 2 < -i 

J B (x(t),^) Kt) 



In view of pOjl . these two facts imply 



\<t)\ 2 < / M 2 M 2 <^ 
j B ( x( t),^) 

where is the localized virial function defined in §3J In the same section it was proved 
that 

g<p<(T-t) 2 , 

so it follows that 

\x(t)\<T-t. 

By using again (fTOj) . 

and the second assertion of Theorem 11.31 is proved. 
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5.2. Results of non-explosion. From now on we assume that f2 be a half plane whose 
boundary contains or a plane sector with corner 0. Suppose there exists an explosive 
solution u of critical mass such that u behaves like a Dirac mass at 0. 
For a radial function / G C°°(1R 2 ), the result of Lemma [2.51 becomes 

d t 2 [ \u\ 2 f = 16E(u)- [ (2|V M | 2 -M 4 )(4-A/)- f \u\ 2 A 2 f 
Jn Jn Jn 

(11) + / mj^diudjudijf -2\Vu\ 2 Af, 

since from the choice of Q 

x.v = on dQ. 

It follows that for a radial function / G C°°(IR 2 ), equal to \x\ 2 on B(0,R), with bounded 
derivatives dijf and A 2 /, the estimate of Corollary 12.61 becomes 



121 



d 2 / \u(t)\ 2 f-l6E(u 
Jn 

Arguing as in ^Hj, we obtain the following lemmas. 
Lemma 5.2. The initial condition is of finite variance 

\u \ 2 \x\ 2 dx < oo. 



< C I \u{t)\ 2 + \Vu{t)\ 2 . 

{\x\>R}nn 



Proof. Let us consider i/j a C^°(R) positive radial function which is equal to \x\ 2 on 
5(0,1). Notice that 

IWf < Ci). 

For all entire n, we introduce the localized virial functions 



g n (t) = / ip n dx, 
Jn 

where 

ip n (x) = n 2 ip ^-J . 
The Taylor formula in zero for the function g n (t) gives us 

\g n (t) - g n (0)\ < t\g' n (0)\ + Csup |^(t)|. 

t 

Since ipn are equal to \x\ 2 on _B(0, 1), and the derivatives dijifj n and A 2 if) n are uniformly 
bounded, we can estimate by (fT^j) 



\&(t) - 16E{u)\ < C [ (\u(t)\ 2 + \Vu(t)\ 

J\x\>l 



)dx. 



Then, in view of Lemma f2. 31 the quantity g'^t) is bounded uniformly on n. So we have 

\g n (t)-g n (0)\<T\g' n (0)\ + C. 
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By using the inequality (*), 



y n (t)\ 



^{u{t)Vu{t) )VVv. 



< ( 2E{u) [ \u{t)\ 2 \W^ 
Jn 



2|r7./, |2 
n | 



2 



The choice of i/j n gives us 
and it follows that 



Therefore 



g n (0)-2Cy/g~Joj-C<g n {t) 

for any time t, and 

0„(O) - 2Cv^(0) -C< limg„(t). 
The concentration of the solution as a Dirac distribution implies that for fixed n 



\img n (t) = 0, 



and therefore 



lim (g n (0)-2Cyfijjti)-C)<0. 



As a consequence, g n (0) is bounded as n tends to infinity. Since the supports of if) n cover 
Q when n tends to infinity, it follows that the initial condition is of finite variance 

|«o| 2 |x| 2 (ia; < oo. 

□ 

Remark 5.3. When Q is a bounded domain, and u is a critical mass function blowing 
up at a point ofVL or of its boundary, it is easy to see that the initial condition is of finite 
variance 



/ |w| 2 |a;| 2 (ia; < C||m|| 2 < oo. 
Jn 



Lemma 5.4. The limit in time of the virial function is 

g(T) = o. 

Proof. Let us consider a C°° positive function <f> which is null on 5(0, 1) and verifies 

Y < 4>{x) < \x\, 

on C B(0,2). Suppose also that the derivatives dijVp and A 2 vfj are bounded. We denote 

4> n {x) =n<p(^j , 
so (p n are supported on C B(0, n) and verify 

< <t>n{x) < \x\ 
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on c B(0,2n). 

Taylor's formula together with (jJJ) and the estimate (|12jl gives us 



u{t)Y4> n < / \u \ 2 \x\ 2 + T 



x\>n 
T 



9(u v«i)v^; 



|x|>n 



(13) 



+C(T-tf + cj (T-r) [ (\Vu(r)\ 2 + 

J0 J\x\>n 



u{r)\ 2 )dr. 



The Lemma (5.21 ensures us that the initial data is of finite variance, therefore 

► 0, 



I 1 2 I 1 2 



x\>n 



Also, by Lemma f2. 31 



3(« V^)V^ 



x >n 



0. 



Then, using again Lemma 12.31 and the conservation of the mass, for all r and for all n 
there exist a positive constant C such that 



|Vte(r)r + \u(t)\ ) < C. 



x \>n 



One also has, for every r, 



/ (|Vn(r)| 2 + mr)| 2 ) — , 0. 

J\x\>n n ^°° 



Then by the dominated convergence theorem 



fiT-r) [ (|W(r)| 2 + 

J0 J\x\>n 



\u(T)\ 2 )dr — ► 0. 



Therefore it follows from (fT3*|l that for all t, 

J \u(t)\m<e{n) + C{T-tf 



with 



e(n) — ► 0. 

n—*oo 



On the one hand, in view of the choice of </» n , this gives us 

\u(t)\ 2 \x\ 2 <2e(n)+C(T-t) 2 . 



' \x\>2n 

On the other hand, for fixed n, the concentration of the solution as a Dirac distribution 
implies 



lim 



u(t)\ 2 \x\ 2 = 0. 



\x\<2n 



Therefore, for all n 



lim / \u(t)\ 2 \x\ 2 <e(n). 
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By letting n to tend to infinity one has 



lim J =0, 

that is 

g{T) = o, 

and the Lemma f5. 41 is proved. □ 
This lemma and the same arguments as in §3.21 give us also 

g\T) = o. 

By using the formula (fTT|) with f(x) = \x\ 2 , the second derivative of the virial is exactly 

g"(t) = lQE(u). 

Then it follows that 

g(t) = 8E(u)(T-t) 2 , 
and by the same calculation as in §2.11 

E{e 1 ^) u(t, x)) = E(u) + ^J-W (t) + —J—— g (t) = 0. 

For fixed t, by the variational characterization of the ground state Q, there exists real 
numbers 6 and u> such that 

u{t, x) = e~ ij $=^e i6 Lj Q(u(x - x )) 

for some xq G M 2 ([!])• This means that the support of u is the entire R 2 that is a 
contradiction, and the proof of Theorem 11.71 is complete. 

6. Appendix 

In this Appendix we give a proof for Proposition 12.21 Let us recall the notations of 
§2.2. We have defined 

i <f ,_ IIVK')III2 
A(t) " IWiT' 

and the solution u was written © 

\u(t,x)\ = X(t)(Q + R(t))(X(t)(x - x(t))), 
with R(t) a real function such that 

||£(*)|| H1(R2) 

We shall prove in the following the decay (jOJ) asserted in Proposition 12.21 

\\W)\\mi<^-< ( 



kt) - \(ty 
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The fact that u is of critical mass gives us 
(14) J R 2 = -2 / QR, 

and the choice of A implies 

^iVi?! 2 = -2 / VQVR. 



Let us calculate the energy of \u\, 

m\u\) 

A 2 

The energy of Q is zero, so 



J \VQ + VR\*-l J(Q + R)\ 



2E(\u\) _ f 2 + 2VQV p, 2Qfi 3 _ 3Q 2^2 _ 2Q 3ji 



A 2 J 2 
The ground state Q verifies the equation 

AQ + Q 3 = Q 

and therefore, by using the relation (fT4*|) on R, 

2VQVR - 2Q 3 R = -2 / QR = I R\ 



So finally 

<LR,R>= 2 -^+ 1 -J^ + J2Q&, 
where L is the operator 

L = -A + (l-3g 2 ). 

Since R tends to in H 1 , by using the Sobolev embeddings, the cubic and quadratic 
terms in R are negligible with respect to the H 1 norm of R. Also, the energy of \u\ 
is bounded by the constant energy of u, so for having (jHJ) it is sufficient to prove the 
existence of a positive constant 5 such that for t close enough to T 

S\\R(t)\gi <<LR(t),R(t)> . 

Remark 6.1. The initial complex function R can be analyzed in the same manner, and 
one has 

< L_%R, %R> + < LUR, UR >< + i J \R\ A + J 2Q|i?| 3 , 

where L_ is the operator 

L_ = -A + (l-Q). 

This operator is non-negative and its kernel is spanned by Q. So once the decay (JOJ) is 
obtained, by decomposing ^R with respect to Q, we also have 

vxob < j®. 



22 



VALERIA BANICA 



Following the ideas of Weinstein in [2xj , we shall look for the nature of the negative 
eigenvalues of L. 

Lemma 6.2. The second eigenvalue of L is 0. 
Proof. Let us consider the functional 



J(f) 



211 v "112 



\ U \\t 



which is minimized by Q (see the introduction). Then, for a test function /, 

d 2 e J(Q + e/)| e=0 > 0. 

By explicitly calculating this second derivative and using (0) in the calculus, one has 

2||Q||2 < Lf, f >> -8 < Q, f >< VQ, V/ > . 
If we take / to be orthogonal to Q, then 

<Lf,f>> 0, 



and by the Min-Max Principle ( [22J ) , the second eigenvalue of L is non-negative. By 
noticing that the two partial derivatives of Q verify 

LdiQ = 0, 

we obtain that is an eigenvalue of L of order grater than one, so the first eigenvalue is 
negative. Therefore the second eigenvalue of L is 0. □ 

We shall use the following theorem. 

Theorem 6.3. (Mans [U\). Let g G ^([O.oo)), with g(0) = 0, g'(0) > and \g'(s) - 
<7'(0)| < C|s| a , for small s and some C, a > 0. Let a Q = sup{a > 0\g(s) > 0, Vs G (0, a)}, 
and let uq be a ground state of the operator 

—Au + g{u). 

We define 

I{u,\) = \ug'{u)- (A + 2)g(u), 

and we will make the following assumptions : ao < uq(0) and there exists a continuous 
function X : (ao, u Q (0)}— >(0, oo) such that for any U G (a ,u (0)} we have 

I(u,X(U)) < 0, G [0,17], 
I(u,X(U)) > 0, \/u G [two)]. 

Then 

Ker(-A + g'(u )) = {diu , d 2 u }. 
Next we show that the operator L satisfies the hypothesis of the theorem. 
Lemma 6.4. The kernel of L has dimension 2. 
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Proof. In we take function g to be 



g{s) = s- s 



then a = 1, the ground state u is Q, 



-A + g'(u ) = L, 



and 



I(u, A) = 2u{{1 - \)u 2 - 1). 
Let us consider the integral of g, 



G(s) 



s 2 s 4 



2 4 

By using the relation between the L 2 and the L 4 norms of Q 

G(Q(x))dx = 0. 

The positivity of G(s) on [0, v2[ implies the existence of points x such that Q(x) > \/2, 
and in particular Q(x) > 1. Let us recall that Q is a radial positive decreasing function. 
It follows that Q(0) > 1, and the first assumption of the theorem Ifi.HI is satisfied. The 
second assumption is satisfied for the function 

X(U) = ' 1 



and we can conclude that 



IP' 

KerL = {d 1 Q,d 2 Q}. 



□ 



We return now to the study of R. We impose a choice of x(t) which will yield an 
orthogonality property of R. Since 

1 



X(t) 



X 



\u\ I t, h x(t) 

1 A(t) 



t—*T 



Q(x) 



we can choose x(t) such that the functional 



Hz) 



l 



A(t) 



+ -2 



reaches its minimum for 2 = 0. By using (JHJ), this implies that the derivative in z of 

d z \\{Q + R{t)){-) - Q{- - 

must be zero at z = 0. It follows that 

£ftQ+ / VRdiVQ = 0. 



One can then integrate by parts and obtain 

RdiQ- [ RdiAQ = 0. 
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By recalling that the ground state Q verifies 

AQ + Q 3 = Q, 

it follows that R has the orthogonality property 

(15) < diQ 3 ,R>=0. 

Let us recall that for having the decay property © of R, it is sufficient to prove that 
the operator L controls its H 1 norm. 

Lemma 6.5. There exist a positive constant 5 such that for t close enough to T , 

6\\R(t)\g 1 <<LR(t),R(t)> . 

Proof. We denote by R u the projection of R on the space spanned by Q, and by R± the 
remainder term, orthogonal to Q. Since the operator L is self-adjoint, 

< LR, R >=< LR in R n > +2 < LR n , R L > + < LR ± , R ± > . 

The first term reads 

< LR U , R u >=< LQ, Q > — ^gj|4 — ' 

and by using (fTlj) 

< LR U , R u >= C||^|| 2 . 

The second term is 

< LR U , Rj_ >= — ttpttto — < LQ, R± >, 
and since LQ = —2Q 3 , by using the Cauchy-Schwarz inequality, 

< LR ± ,R n >= -2 < < Q 3 .,R± >< C\\R\\l 



Now we have to estimate the third term. Let us notice that the orthogonality relation 
(H5J yields 

< a.Q 3 ,^ >= o. 

We will show that 

. < Lf, f > 

mf [T71T2 — = 1 > °- 

feHQAQ 3 } WfM 

From the proof of Lemma f6. 21 we have / > 0. Consider now a sequence of functions fj, 
normalized in L 2 , which minimize I 

< Lfjjj I. 

The gradients of fj are also bounded in L 2 , so we can extract a subsequence converging 
weakly in H 1 to a function / 

fjn ~^ f ■ 

In particular, 

<fl0 2 > — <f,Q 2 >, 
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and it follows that / is a minimizer for /, 

Lf = If. 

If / = 0, then / must be in the kernel of L. Lemma 16.41 ensures us that the kernel 
contains only the derivatives of Q, and since / is orthogonal to the derivatives of Q 3 , it 
follows that / = 0. This is in contradiction with the positive L 2 norm of /, so / > 0. 
Therefore, since R± is orthogonal to Q and to the two derivatives of Q 3 , 

< LR±, R± >> J||i?_i_|| 2 = -^(11 -^11 2 — II-^iJIi!)' 
Arguing as for the first term, 

II-R11II2 ^ C|l-fi!|l2> 

and we finally have 

< LR, R >> I\\R\\ 2 2 - C\\R\\j - C\\R\\l 

Since R tends to in L 2 norm, there exist a positive constant C such that for t close 
enough to T, 

< LR,R>> C\\R\\ 2 2 . 

For a positive number e, 

<LR,R>=e(J \VR\ 2 + J (1 - 3Q 2 )R 2 ^j + (1 - e) < LR, R >, 

so, using the control of the L 2 norm by L and the boundeness of Q, 

< LR, R>>e(^j \VR\ 2 -C Q J R 2 ^j + (1 - e^ll^H 2 . 

By choosing e small enough to have 

(l-e)C-eC Q >0, 
we get the existence of a positive constant 5 such that 

< LR,R>> S\\R\\ 2 m . 



□ 



Therefore the proof of Proposition 12.21 is complete. 
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